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Abstract

We present a short review of the general principles of constructing tomograms
of quantum states. We derive a general tomographic reconstruction formula
for the quantum density operator of a system with a dynamical Lie group.
In the reconstruction formula, the multiplicity of irreducible representation in
Clebsch—Gordan decomposition is taken into account. Various approaches to
spin tomography are discussed. An integral representation for the tomographic
probability is found and a contraction of the spin tomogram to the photon-
number tomography distribution is considered. The case of SU (3) tomography
is discussed with the examples of quark states (related to the simplest triplet
representations) and octet states.

PACS numbers: 03.65T, 03.65S, 42.50D

1. Introduction

In order to reconstruct quasi-distributions such as the Wigner function, quantum tomography
methods use conventional tomographic probability distributions (tomograms) [1, 2]. Methods
have been proposed for the reconstruction of the density matrix (quasi-distributions) of the
quantum states [3—6] including the states of spin-like systems [7—11]. The idea of quasi-
distribution functions for angular momentum systems was introduced long ago [12, 13]. From
an analysis of different types of tomogram, the idea of reformulation of quantum mechanics has
appeared [14—16]. In this new formulation of quantum mechanics, which is closely connected
with the tomography method, a quantum state is described by a probability distribution,
alternative to the wavefunction or density matrix.
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Tomography of quantum states in some cases can be related to a group representation or
to other algebraic constructions [17, 18]. The tomography scheme proposed in [19, 20] was
related to the symplectic group. The relation of spin tomography and symplectic tomography
to the SU (2) group and to the Heisenberg—Weyl group has been discussed in [21] and [22],
respectively. The tomographic reconstruction scheme related to the SU (1, 1) group has been
studied in [23]. A detailed discussion of the relation of groups to tomography has been
presented in [11, 24, 25]. In connection with signal analysis, a general construction of
tomographic schemes and the relation of tomograms to quasi-distributions and wavelets has
been proposed in [26].

In quantum mechanics, the star-product of functions is a method to map a product of
operators on to a special product of functions. It is useful to formulate quantum evolution
operators in terms of the evolution of functions, and the use of the Wigner function [27]
within the framework of the Moyal equation [28] gives a realization of the star-product
quantization procedure of classical systems. The spin tomograms have been considered within
the framework of star-product quantization in [22]. A general scheme to map the dynamics,
formulated in terms of operators, on to dynamics formulated in terms of functions of c-number
arguments has been suggested by Stratonovich [12]. As shown in [29], the new formulation
of quantum mechanics using the tomographic approach of [14—16] can be embedded into the
standard star-product quantization procedure.

The aim of this paper is to study relations between different tomographic approaches to the
spin-state description and to obtain the tomograms of quark states proposing the tomographic
approach related to the SU (3) group. Firstly, we discuss a tomographic symbol (tomogram) of
an operator for the SU (2) group [22]. The symbol is a function on the sphere. Also, we review
a map of density operators acting in space of irreducible representations of the SU(2) group
on to set of probability distributions for projections of spin considered in different reference
frames. One can point out that the relation of the spin tomogram to spin quasi-distributions
of the P-distribution type [30] was discussed recently in [31]. The complete tomographic
probability distribution contains redundant information on the spin density matrix. The non-
redundant tomography scheme, which uses a finite number of data, has been presented by
Weigert [32]. One can point out that the redundant information on the density operator can be
useful in a real experimental situation. This information provides the possibility of controlling
the consistency of experimental data.

On the other hand, the scheme of [10] provides the possibility of using a positive function
on the sphere to reconstruct the spin density matrix as well. Here we show that this positive
function is connected with the spin tomogram [7, 8]. It turns out that the positive function
[10] equals one of the values of spin projection probabilities which determines all the other
values. This means that the spin tomogram is similar to a distribution which contains only one
parameter and the single probability value determines all the other values of the probabilities
in the distribution function. There are many such one-parameter distributions, such as the
thermal (Planck’s) distribution, Poisson distribution and squeezed-vacuum distribution.

It is worth noting that, although a general structure of state-reconstruction methods for
quantum systems possessing a group symmetry has been extensively discussed [11, 24, 25], the
most attention has been paid to the Heisenberg—Weyl, symplectic and SU (2) groups. On the
other hand, there are physical states related to other groups, for example, to the SU (3), SU (4)
and SU (6) groups, etc. The dynamical groups describe the spectra of quantum systems [33].
The tomographic description of the rotational state of a top is given in [34].

In nuclear physics, the standard problem is measuring the spin density matrix of a nucleus
using different types of experiment, such as, for example, y—y correlations in cascade
transitions or angular distributions of y-quantum in the (p, p/y) process (with respect to
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the scattered proton) [35]. In [32] the reconstruction of the spin density matrix is suggested
by using a finite number of measurements corresponding to several orientations of the system.
In this case, it should be noted that in reactions of a (p, p/y) type the spin density matrix
can be measured at different scattering angles of p/-proton, i.e. at different orientations of
the reference frame axes because the z-axis is oriented along the transferred momentum.
Thus, the used procedure is analogous to the discussed spin tomography procedure where the
diagonal matrix elements of the density matrix in the rotated reference frame are necessary to
reconstruct the complete density matrix. Both procedures, in which arbitrary angles [7, 10] or
discrete angles [32] can be realized, are such types of nuclear experiment.

One of the aims of this paper is to extend a scheme of tomographic reconstruction of
the Hermitian density matrix for the quantum states which are associated with irreducible
representations of higher unitary groups (we focus on the case of simple compact groups).
These representations are closely related to states of nuclei and elementary particles. Until
now, the tomographic methods of measuring the quantum states have been developed in
quantum optics only (see, for example, [36, 37]). Our aim is to point out that these methods
can be applied also in nuclear and particle physics.

The paper is organized as follows. In section 2 we give a short review of the general
principles of tomography schemes [38, 39]. In section 3 we derive a general tomographic
reconstruction formula of the density matrix of a state related to a compact Lie group.
We show that the reconstruction formula given in [11] should be corrected in the cases
where multiplicities of the representations in decomposition of the tensor product of two
representations are larger than unity (which is the most usual case for the SU (3) group, for
example). In section 4 we discuss in detail SU (2) tomography. Due to a particular simplicity
of this group, various reconstruction methods are possible.

We compare two different approaches (proposedin [7, 8], [10]) to spin tomography. Also,
we find an integral representation for the tomographic probability and, in view of this, we
analyse the contraction from spin to field systems (see [40, 41] for the contraction of SU (2)
quasi-distribution functions to the Heisenberg—Weyl case).

Extending the approach for higher groups, we consider in section 5 the case of SU(3)
tomography. This means that we describe the elementary particle states using probability
distributions instead of vectors in Hilbert spaces. The superposition principle of quantum
states was formulated in terms of tomographic probabilities (also in terms of density operators)
in [42, 43]. Firstly, we discuss an example of quark states related to the simplest triplet
representations. Then, we study a more complicated situation of octet states.

2. General approach to quantum tomography

In this section, we give a short review of the general principles used to construct a tomography
scheme for measuring quantum states [38].

Let us consider a quantum state described by the density operator p, which is a non-
negative Hermitian operator, i.e.

pl=p Tp=1 M
and

(v|plv) = puy 2 0. 2)
We label the vector basis |v) in the space of pure quantum states by the multi-dimensional
index v = (v, v2, ..., vy), Where the number N shows the number of degrees of freedom

of the system under consideration. Among indices v,k = 1, ..., N, there are continuous
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indices, such as position (or momentum), and discrete indices, such as spin projections. In
this sense, the wavefunction 1 (v) = (v|y¥) of a pure state |y/) depends both on continuous
and discrete observables. Using the Hermitian projection operator

M1, = [v)(v] 3)
formula (2) can be rewritten in the following form:
P = Tr{f1,p}. @

The physical meaning of the projector I, is that it extracts the state |v) with given v (for
example, with given position and spin projection), which is an eigenstate of the commuting
Hermitian operators V = (Vi, Vo, ..., V)

Vilv) = velv). )
Let us consider the case where in the space of states there exists a family of unitary operators
U (o) depending on the parameters o = (o7, ..., o)), that can be sometimes identified with

group-representation operators. In these cases, the parameters o describe the group element.
Let us introduce a ‘transformed density operator’

R Al
0 =U(0)pU (0). (6)
Its diagonal elements are still non-negative probabilities (called tomograms)

(zlps12) = (z]plz) = w(z, 0) )

where |z) is one of the possible vectors |v), while the symbol |z)) denotes the transformed
(auxiliary) vectors

1) =0""(o)lz) ®)

which in turn are eigenstates of the transformed operators

2=0")V00). ©
For a normalized density operator, we have the normalization condition for the tomogram
/dzw(z,o): 1. (10)

In the case of discrete indices, the integral in equation (10) is replaced by a sum over discrete
variables.

Formula (7) can be interpreted as the probability density for the measurement of the
observable V in an ensemble of transformed reference frames labelled by the index o, if the
state p is given. Along with this interpretation, one can also consider the transformed projector

f.(0) = 0" ()[.U(0) = |2){z| Tr, (o) = L. (11
The explicit expression for the probability w(z, o) takes the form
w(z,0) = Tr{pI1,(0)} = Tr{plz) (zI}. (12)

In fact, tomograms are tomographic symbols of density operators [29] and the transformed
projectors determine a set of operators defining the symbols. The tomography schemes are
based on the possibility of finding the inverse of equation (12). If it is possible to solve
equation (12) by considering the probability w(z, o) as a known function and the density
matrix as an unknown operator, the quantum state can be described by the positive probability
instead of the density matrix. In such cases, the inverse of equation (12) takes the form

b= /dzdaw(z,a)[%(z,a). (13)
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Thus, there exists a family of operators R(z,0) depending on both the variables z and the
parameters o such that the density operator is reconstructed, if the probability w(z, o) is
known. The operators K (z, o) in equation (13) together with the transformed projectors
(11) determine the kernel of the star-product of tomographic symbols used in the star-product
quantization procedure [29]. It is worth remarking that transformations U (¢') can form other
algebraic constructions, which can have no group structure [17, 18]. The only condition for
the existence of a tomography scheme is the possibility of inverting equation (12). Where the
states |z) form a basis of an irreducible representation of some Lie group and U (o) are groups
transformation operators, one can make some further construction. In this case, the density
operator can be expanded in the basis of irreducible tensors using the Clebsch—Gordan series.
Then, the inversion procedure can be carried out by using properties of the Clebsch—Gordan
coefficients. Here, we apply this approach to the SU(2) and SU(3) groups.

3. Systems with dynamical group structure

In the cases of optical tomography [2], symplectic tomography [18, 20], and spin tomography
[7,8, 16], the sets of transformations U (o) have the structure of corresponding Lie groups (i.e.
rotation group O(2), symplectic group Sp(2, R), and the SU (2) group). For systems with
group structure, kernel operators K (z, o) in the inverse formula (13) can be found explicitly
in terms of group variables.

Let us consider a quantum system related to a group G. We focus on the case where G is
a simple compact group. We denote as

|A, [m], 1) (14)

the orthonormal set of the basis state vectors of a unitary finite-dimensional irreducible
representation D4 of the group G. Here, A is a signature of the representation which can
be labelled also by eigenvalues of Casimir operators. The complex label [m] specifies the
weight of the basis vector and the label ¢ denotes all the other quantum numbers. In particular,
for the SU (2) group, the single half-integer index —S < m < §, uniquely defines a state of
the 25 + 1-dimensional representation of the group (the representation is defined with a single
number A = § which is the spin). For the case of the SU (3) group, [m] contains two quantum
numbers

[m]=[Y, M] (15)

where Y is the hyperchargeand M, —T < M < T, is a projection of isospin T, which plays the
role of the quantum number ¢ and distinguishes states with equal weights. The representation
is characterized by two numbers p,g =0, 1,2, ..., i.e.

A=(p,q).
If the ket-vector |A, [m], t) transforms according to the representation A of the group G
D(Q)|A, [ml.t) =Y D i (@1A. [mi]. 1)
[my 1,01

the bra-vector (A, [m], t| transforms according to the conjugate representation A* and has
weight [—m], i.e. the vector (A, [m], t| transforms like the vector (—1)YAUMD|A* [—m], t*),
where the phase factor (—1)Y4") ig a function of the group representation. For the SU (2)
group,

A* =S and y(A[ml, 1) =S —m



6106 A B Klimov et al

while for the SU (3) group

2p+q

A" =(q,p) and y(Alm], 1) = — —Y+T -M

and isospin T does not change its value under conjugation.
The system density matrix can be expanded in the basis (14) as follows:

P=" D" Poinimnl A, [m], 1)(A, Imi], 1. (16)

[m],t [m1],01

The operator |A, [m], t)(A, [m1], t;| (projector) transforms according to the direct product of
representations A ® A*, which can be expanded in the direct sum of irreducible representations
according to the symbolic formula

A®A*=Z€BkBB (17)
B

where kp is the (outer) multiplicity of the representation B in the above tensor product. Note
that, in the case of the SU (2) group, kp is always unity, which is not true, for example, for the
SU (3) group. Thus, the density matrix (16) can be represented in the form of expansion in
terms of irreducible tensors T[f{f]m which form a basis in the space of operators acting in the
irreducible representation B

kg
B,s B,s
p= D D Run T, (18)

B,[m;],t; s=1

where the index B runs over all the values appearing in the expansion (17). The operators
T[ff“ n transform like elements of the basis | B, [m], t)

D(g)T[fth, DT(g) = Z D[ljnzjtz,[mlltl (g)T[Yljlz]tz

[ma],02

and have the following matrix elements:

(Alm]t| Ty, | Almalt) = (=1)Y A2 (Alm)e; A*[—moe5 | BImiln), (19)

[m

where (A[m]t; B[m]t;|C[m;]t,); are the Clebsch—Gordan coefficients which couple two
irreducible representations A and B to the representation C. The operators T[Z’f]tl satisfy the
following normalization condition,

A\ T
Tr [T[i]i (T[ijln) :| = 8488pmiim 1855, 81y

and the reduced matrix elements of T[Z]S]zl are chosen to be unity.
B,s

Thus, we can express coefficients Ry, ',
Oimt,[mi 1, as follows:

T
B,s __ B.s
R[ml]ll =Tr (’O (T[ml]lll) >

=) (=1 A Alm]e; A*[—male3 | BImi 1) s e s -

[m].t [m2].1

in terms of elements of the density matrix

The inverse relation reads

Pomeima = Y (=1 AD (At A*[—mae5| Blmi1n)s Ry,

B,[m].01,8
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According to the general scheme, the transformed density operator (6) has the form
Py =D(8)pD'(g)

= Z Z R[mlln [szto i1 (8T [m7]12

B,[m],t1,s [my],t2

Z R[m7]t7 [mz]lz

B,[ma].ta,s

where
7 B .8
Rim, = Z R[mlln [szto a1y (8)-
[mi1,61

The probability of detecting the transformed system in a state |A, [m], t) for a fixed group
parameter g is given by equation (12), i.e.

w(g. Almlt) = (Almlt|pg| A, Im1.1) D > RE, Dl e (&)
B,s.,t, [m],4y
x (= 1)>AMD (A[m]e; A*[—m]t*| B[0]t)s (20)

where we have used equation (19). It is clear that the state tomogram w(g, A[m]t) is
normalized according to

\%
/dgw(g,A[m] )= —2

dim A

Z w(g, Almlt) = 1. Q1

[m].t
In equation (21) the group Haar measure is used. Note that equation (20) can be rewritten in
the form (12)

w(g, Almlt) = Tr(pTmy (2))
where the transformed projector f[[m], (g) (11) is defined as

f[[m][(g) - Z Z ( [fqlb]tl) D[%Jtz,[mljt, (g)(_l)y(A[m]’l)

B,[m]).t1,s [my],to
x(A[m]t; A*[—m]t*| B[O]t2)s. (22)

Multiplying both sides of equation (20) by the matrix element (Dg, imt 1 € 9)",
integrating over the group and making use of the orthogonality relation for matrix elements of
irreducible representations of the compact group

Ve
B c
/ng[mp,[m.p, (8) (D[m/]l/,[m’l]t{ (8)> dim B‘3085[m1um|15[141/1[»11]%'5:.:1
where dg is an invariant measure on the group and Vi = [ dg is the group volume, we obtain

Z( YAD RIS (A[m]t; A*[—m]t*| B[0]n),

dim B B *
= S [ 48 (DB @) . A, e3)

In the absence of multiplicity, kg = 1, we obtain from equation (23) coefficients of expansion
of the system density matrix in terms of the irreducible tensor operators (18)

RES (-1)Y*m" dim B / dg (D? ()" wig, Almlr) (24)
’ = w(g, m .

i = Vg (Almle; ATT=m]eBOJ), J °8 0w tE B

A similar expression has been previously found in [11] and, in the particular case of the SU (2)
group, in [10]. Nevertheless, in the case where kp > 2, the above expression, in general,
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is not correct and to find coefficients R[lf,;f]ll, s = 1,...,kp corresponding to degenerate

representations (which enter more than once in the expansion (17)) we have to solve the
system of linear equations (23) for all possible values of index #,. Representing coefficients

R[lfn’f],l as a kg dimensional vector R, we find from equation (23)
R=cCc'J (25)
where
> dim B B "
(J)tz = VG dg (D[Osz,[mljfl (g)) w(gv A[m]t)
and the kp x kp-matrix C has the following matrix elements:
(C)ys = (—=1)Y A Am]t; A*[—m]t*| B[0]t2)s. (26)

Let us recall that the index #, in the matrix C enumerates states with the same values of the
composite index [m], i.e. t, is the index of internal multiplicity. Because the outer multiplicity
kp is less than (or equal to) the inner multiplicity of the state corresponding to the weight
[m = 0], we can always choose such a set of indices #,, that the matrix C will be non-
degenerate. Usually in equations (23) and (24) the highest weight vector of the irreducible
representation A is used as the reference vector |A, [m], ). We discuss the problem of outer
multiplicity using the example of the SU (3) group.

4. Two reconstruction formulae for the SU(2) group

In this section, we apply the results of the previous sections to the SU(2) group (spin-S
systems) and obtain different forms of inverse formulae for the density matrix in terms of spin
tomograms w(z, ) (7). In this section, we consider the 2§ + 1-dimensional representation of
the SU (2) group. The basis of the representation space is formed by eigenstates |k, S) of the
spin-projection operator S,

S. |k, S) = k|k, S) k=-S,...,8.

In this case, dim A = 2S + 1 and Vg = 8x2.

4.1. First reconstruction formula

The tomogram for the spin-S system is defined as follows,

wi = (k, S|D® (9)pD®(g)Ik, S) (27)
where p is the density matrix and
DY¥(g) = DOy, -6, —¢) (28)

(for convenience, the signs of the Euler angles 6 and ¢ are chosen to be negative) is the finite
rotation operator in the Euler parametrization, such that
DI =0, ) = | Y1010, ).
2L +1

It should be remembered that the physical meaning of the tomogram is that it is equal to the
probability of obtaining the spin projection k of the total spin S on the axis determined by
the Euler angles 6 and ¢. The transformed projector (11) takes the form (where the signs of
the Euler angles 6 and ¢ are taken according to the parametrization (28))

R R 4 28 L R
nk(g)=nk(e,¢)=\/2sfl D03 TSk LOISK) YLy (0. ¢)  (29)

L=0 M=—-L
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where TL(S,)V, is the irreducible tensor operator for the SU (2) group

2L+ 1
25 +1

Z (Sm; LM|Sm')|S, m')(S, m| (30)

and
25 +
2L +1

is the Clebsch—Gordan coefficient which connects two representations of spin S with the
representation determined by total spin 0 < L < 2S5. The quantum number M is the total spin
projection. It is easy to see that the tomographic probability (27)

wi = wi (0, ¢) = Tr(pl1 (6, ¢))
takes the form

(Sm; LM|Sm')y = (—1)5™"

(Sm S —m|LM)

4
\/25112 Z T (7510 (Sk; LOISK) V2w (6, ). G31)

This satisfies the following normalization conditions,
s

[aomep =1 3w = (32)

k=—5

28 +1
4

where dQ2 = sin6 df d¢.
For example, for the density matrix of an arbitrary pure spin-1/2 state (which is determined
by a point on the two-dimensional sphere)

o cos? 9 e cos ¥ sin ¥ 33)
Pi =1 6ie cos 19 sin sin? ¢

the tomographic probability (27) takes the form
20 .20 . .
wi2(0, @) = cos 3 cos” ¥ + sin 3 sin” 9 + 3 sin @ cos(¢p — ¢) sin 29

w_12(0,9) =1 — w10, ¢).

The density matrix p can be expanded in terms of the irreducible tensors (30) as follows:

28 L 28 L
=3 2 BT (T0e) = X2 X RS, (34)
L=0 M=—L L=0 M=—L
Thus, for the coefficients R(L ;\47 we obtain from equation (24)
) 25+1 . .
Ry = - (Sk; LO|Sk) dQY; (¢, O)wi (8, ¢). (35)

From the above equation it follows that the system density matrix can be reconstructed,
in view of the tomographic probability distribution wy (8, ¢) for an arbitrary value of the spin
projection k [11]. In the particular case k = —.S, the tomographic probability is the Q-function
for spin systems [10]. It is worth noting that for k = 0 the Clebsch—Gordan coefficient
(Sk; LO|Sk) equals zero when 2S5 + L is an odd number, and thus the inversion formula (35)
does not work. This means that the reconstruction of the density matrix from wy is subtle and
not all components in the expansion (34) can be reconstructed at k = 0, but only those for
which 2S5 + L is an even number.
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4.2. Integral representation

An integral representation for the operator I1; (6, ¢) can be found in the same way as for the
Stratonovich—Wigner operator [40] by making use of the following expansion for elements of
the irreducible representation of the SU (2) group [44],

- G B L )
eV = ——— (—D" %7 (@)Y} 4 (DT, (36)
m ; M;L L L.M LM
where
y = on i = (cos @ sin@, sin ¢ sinf, cos ) S= (Sx, Sy, S2)

are the su(2) algebra operators and x; (w) are the generalized characters of the group [44]

X (w) =it Ze*iM%SM; LO|SM) (37)
M

which obey the following orthogonality relation (following from the above formula and sum
rules for the Clebsch—Gordan coefficients):

2 285 +1
/ dwy; (@) i () =278, 1/ . (38)
0

2L +1

Using the orthogonality relation (38) one can invert the expansion (36) giving the following
integral representation for the operator (29) (similar to that for the Stratonovich—Wigner
operator [40]),

2 R
(¢, 0) =/ dwe ™ f (o) (39)
0
where the weight function f(w) is defined as follows:
28
1 2L +1 |
= — — Sk; LO|Sk) = — e, 40
@)= LZ:O< DR AL |Sk) = —e (40)
Thus, equation (39) takes a simple form
. |
1,00, ) = —/ de 57K (41)
27'[ 0

and the tomographic probability function acquires the form analogous to the probability
distribution introduced in [45] as the Fourier transform of the characteristic function for the
observable Sn,

1 2 - .
wi (0, @) = > / dow Tr(e'®"S p) e 71k, (42)
0

Using the expansion (36) one can rewrite the reconstruction formulae (34) and (35) in the
integral form dual to (42)

2w -
p = /dQ/ dwe S g(w)wi (6, ¢) (43)
0

where
28

g(w) = 8712 ZiL(ZL + 1)y} (w)(Sk; LO|Sk)™".
L=0
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4.3. Spin tomogram and density operator

The general expression (24) and its particular consequences (34), (35) and (43) represent
reconstruction formulae, where the density matrix is determined using the single tomographic
probability value as a function on the sphere (12). In the case of the SU(2) group, another
reconstruction scheme is possible. Sometime, due to errors while measuring the tomogram
w(z, o), more than one value of probability of the observable is desirable for additional
control. In this section, we derive such expressions for the density matrix reconstruction.

Let us note that from equation (31) and the expansion (36) together with the definition of
generalized characters (37) it follows that

N

Z wi (6, ¢) ek = Tr(eiwﬁ-fp).

k=—$
Making use of the expansion

28 +1

1=
472

/dV Tr(eiwﬁ~§i) e—iwﬁ-§

where dV = sin® /2 dw d$2 and L is an arbitrary (28 + 1) x (25 + 1) matrix, we obtain the
following inversion formula (see also [46]):

25 +1 i e -
o= dv e it Z we (6, @) k. (44)

472
k=—s

Using the normalization condition (32), one can prove that the condition Trp = 1 is preserved.
Note that in the above reconstruction formula all the probabilities wy (6, ¢) are involved.
Equation (44) has a clear physical sense and can be interpreted as a double (operational and
finite) Fourier transformation of the tomographic probabilities wi (0, ¢).

One can also find another reconstruction formula for the density matrix. Multiplying
equation (31) by (Sk; LO|Sk)Y[,, (0, ¢), integrating over the solid angle £2 and summing over
the index k, we obtain

Tr(f“”p) _ 2kl dQY;, (0, ¢) i wi (0, ¢)(Sk: LO|Sk) (45)
LM \/m LM\"Y>» — ) )

where we have used the following sum rules [44]:

S
> (Sk; LO|Sk)(Sk: L10|Sk) =
k=—S

25 +1

i
2L +1 Hh

Equations (34) and (45) immediately give the reconstruction formula

L

28 ¢
A 2L +1

B T s ey ) 4@ 0, $)(Sk; LO| Sk
’ ;M;L LM am2S+ ) Lm( ¢)k;ka( ) |Sk)

which has been obtained in [7, 8, 22] in a different way.

4.4. Contraction to photon-number tomogram
Taking into account the decomposition

efia)ﬁ@ — D(¢7 9) efia)S: DT((/J)’ 9) (46)
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where D(¢, 0) is the displacement operator

0 . B

D(¢,0) = exp |:§(Se‘¢ —S,e W’)} 47
one can obtain from equation (41) another representation for the operator I1;(0, ¢),

(0, ¢) = D($,0)6: D' (¢, ) (48)
where

1 2 .
6p = — dwe @S0 — 5(5, — k). (49)
2 0

Expression (48) is very suitable for considering the limit § — oo and obtaining contraction to
the Heisenberg—Weyl group (see [40, 41]). Let us assume, that the system density matrix has
a sharp maximum in the vicinity of the north pole of the sphere. In the basis of eigenvalues
of S., this means that the only density matrix elements, essentially different from zero, are
ps—k,s—j, withk, j < S. On the other hand, in the displacement operator D (6, ¢) one should
take the limit & — 0. Then we may substitute

S, = /284" S_=+/2S8a S.=N-S5 (50)

such that

[N,a']=al [N,a]l = —a [a,al1=1—

UJ|2>

and the displacement operator (47) takes the form

D(¢,0) = exp |:9\/§(a7ei¢ _ ae—i¢)i| )

In the limit where & — 0 and S — o0, so that r = 6,/5/2 remains finite, we obtain
D(¢,0) — D(a) = exp(aa’ — a*a) o= —re? (51)

which is just the displacement operator for the Heisenberg—Weyl group. To take the limit in
the 6 operator (49), we change the index & (which originally indicates a state of the su(2)
spectrum counting from the bottom, k = —S, ..., S)ton — S, wheren = 0, ..., 2§ indicates
the position of the same state but counting from the top of the spectrum (from the north pole
of the sphere). Substituting equation (50) into (49) and taking into account that N — a'a,
we obtain

6y — 6 =8(N —n)
and the operator ﬁk(¢, 6) converts into
(¢, 6) — T,(@) = D@)3(N — n)D(a)

where one can easily recognize the operator which generates the photon-number tomogram
[3, 4, 17, 26]. In fact, we obtain

wy (@) = Tr(D(a)8(N — n) D' (a)p) = (n|D' (@) pD(e)|n)

where |n) is the n-photon-number state. This probability distribution function [45] is just the
photon-number tomogram of [3, 4, 17].
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5. Transition probabilities

Using equations (34)—(35) one can find the transition probability (fidelity) between two spin
states characterized by the density matrices p; and py,

Wiz = Tr(p1p2)
(52)

Wiy = / dQdQw’ ( @w (@) 5(2, Q)

where €2 denotes the solid angle and
25+ & & / O
s (R, Q) = > > ((Ski LOISK)(Sk; L'0|Sk))
L,.L'=0 M,M'=—L
X Y] (@ Yeu (@) Tr (75,700 )

Taking into account

Tr (fL(S}{,IfL(;S‘)]L) = 5LL’8MM’
and using the summation rule

to . 2L +1
D Vi @Yiu( ) = = —Pr(cosw)

M=—L T
where

cosw = cosf cos O’ +sinf sin @’ cos(¢p — @)
and Py (cos w) are the Legendre polynomials, we finally obtain

25+l & .
as(Q2, Q) = R Z(Sk; LO|Sk) 2(2L + 1) Py (cos ). (53)
(4m)? =

Since the reconstruction formula used here has the same form for arbitrary spin projections %,
the fidelity (52) has the same form for different £ as well. In particular, the purity parameter
in terms of the tomographic probabilities takes the form

u="Tr(p?) = /dQ dQwi (Q)wi (), 5 (82, Q).
In the case of S = 1/2, we obtain from equation (53)

o s (R, Q) = (1+9cosw) (54)

(4m)?
which is independent of the index k = =£1/2. Substituting explicit expressions for the
tomographic probabilities in terms of the Stokes parameters

201212 = &1 +i& P12,172 — P—1/2,-172 = &3
gives

l+&cosf 1 . 67
B — + 3 Re[(&) +1&) e'?]sin6

and inserting equation (54) into (52) we obtain, after performing a trivial integration, the
well-known result

1 D2 1 2) 1 2)
Wi = (146060 + 606 +£062)

wx12(R2) =
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6. Tomography for the SU(3) group

In this section, we apply general equations (23) and (24) to the case of the SU (3) group.
All necessary formulae of the theory of the SU(3) group representations are given in
appendices A-D.

6.1. Quark states

There are two (conjugate) fundamental representations of the SU (3) group, (1, 0) and (0, 1),
which correspond to quark and anti-quark states. The dimension of these representations
is dim A = 3. The three basis vectors of the (1, 0) representation (quark states) are of the
form (15)

12) = 1(1,0),[1/3,1/2],1/2)

13) = 1(1,0),[1/3, =1/2], 1/2).
The basis of the conjugate representation (01) (anti-quark states) is formed by vectors
1) =1(0, 1), [2/3,01,0)
2) = 1(0,1),[~1/3, =1/2],1/2)

3) = 1(0, ), [~1/3,1/2], 1/2).
Their tensor product (17) can be decomposed into the direct sum of two irreducible
representations

(1,00® 0, 1)=(1,1)& (0,0) (5%)

where (1, 1) corresponds to the octet state and (0, 0) is the singlet state. Because the expansion
(55) is not degenerate (both states in this expansion enter with multiplicity kz = 1) we can
apply equation (24) directly in order to obtain coefficients R[Ifnl |, In expansion (18). For a
reference state |A[m]t), we obtain

(3dim B)!/?

B _ B *
R[mlltl - VG((]O)[m]t, B[O]tzl(IO)[m]t) /dg (D[Oth,[mljtl (g)) U)(g, (10)[”’1][)

where
w(g; (10)[m]t) = [((10)[m]t| D(g)|(10)[m]t)|*.

We take into account the following symmetry relation for the Clebsch—Gordan coefficients
(which holds for this non-degenerate case and self-conjugate representation B):

Y(Alma].12) * * dim B
(=1 (Almlt; AT [=malty [Blmilt) = (| —— (Alm]t; B[—m]t1[Alm2]t).

dim A

The group volume is Vg = (1/2)(4m)>. The index B labelling representations takes values
(0,0) and (1, 1) according to equation (55). Then, taking into account the normalization
condition (21) and values of T[g?gio and D[(g]oo)’[om(g),

1
(00) (00)
T[O,O]O = ﬁl D[o]o,[o]o (&) =1

we find that the density matrix has the form

1
(11) = (11)
p= 51"' Z RyrmTyrm-
Y.T.M
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The first term in the above equation corresponds to the singlet term and the sum represents a
contribution of the octet term. Let us suppose, for example, that the system is prepared in the
state |1). The resulting density matrix is of the form

p=11+7 (56)
i.e. in this case all coefficients R;lrliw vanish except for

an _ /2
Ryoo = 3

In order to illustrate how the reconstruction formula (24) does work, we calculate the coefficient
R(()(l]%)) using this formula. It is necessary to take into account the following points:

(i) Since the vector |1) possesses the following quantum numbers (with respect to
transformations from subgroups of U, V and T spins),

U=3 Us =3 V=3 Vi=3 T=0 T3=0

we obtain in the notation
1 0
1) =10 2)= |1 3) =10
0 1

that
cos %U cos %V el@utdu+in)
D(g)|1) = | —isin %U cos %" el(—pu+du+yu) 57
—1isin 97V el(=pu+iu)

where we have used equations (83)—(87) from appendix D. It follows from the above
equation that the probability of detecting the state |1) in the transformed coordinate

system is
0 0
w(g; (10)[—2/3, 0]0) = cos’ 7” cos? 7V
0 0
w(g; (10)[1/3,1/2]1/2) = sin® 7" cos> 7V (58)

w(g; (10)[1/3, —1/2]1/2) = sin’ %V.
(i) The SU (3) D-function we need is of the form (see appendix D)

Déz)f)?ooo(ey, Ov) = —% + 3 cosOy + 2 cos Oy + 2 cos Oy cos by. (59)
(iii) The necessary Clebsch—Gordan coefficient is

((10) = 200, (11)000{(10) — 200) = 1. (60)

Substituting expressions (58)—(60) into equation (24) we obtain the result (56) as it
should be.
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6.2. Octet states

The self-conjugate, A = A*, representation of the SU (3) group (1, 1) is of dim A = 8. The
direct product of two representations (1, 1) contains the representation (1, 1) with multiplicity
kg =2

(LHed,)=0,0e 1, DHae,1D)d (3,00 (0,3)d (2,2). (61)
Thus, to find coefficients Rffnl n corresponding to representations (0, 0), (3, 0), (0, 3), (2, 2),

we can use equation (24). Nevertheless, coefficients Rﬁ,;f],l correspond to a couple of

degenerate representations (1, 1) appearing in equation (61), and we have to make use of
the solution of the system (23) in the form (25). Let us consider, for example, a particular
case when the reference state is the highest weight vector |(1, 1), [—1, 1/2], 1/2). The index
s takes values s = 1, 2 while the index of inner multiplicity #, = 0, 1. One can show that the
matrix elements C7; of the matrix C defined in equation (26), take the form [47—49]

s=1 s=2
Cris=|T'=0 1/2  1/4/20
T"=1 1//12 —/3/20

such that det C = —1/+/15. Thus

1 * 1 *
Rimin = 53 / dg [(Dféjo,lm,p, )"+ = (P11 (8) } w(g, (1D[=1,1/2]1/2)

V3
e _ 3

i = o5 [ de [ (Do ®) = V3 (Dl () Jwe. ADI=1.1/211/2)

where w(g, (11)[—1, 1/2]1/2) is the tomographic probability for a given reference state which
corresponds to isospin 7' = 1/2.

7. Conclusions

We have developed a scheme of tomographic reconstruction of the Hermitian density matrix for
quantum states which are associated with irreducible representations of unitary groups. Pure
states of quantum systems, which are identified with basis vectors of irreducible representations
of the corresponding group, are mapped on to tomographic probability distributions. We have
applied this approach to two particular examples of the SU(2) and SU (3) groups. For
the SU(2) group, we have presented general different but equivalent expressions for the
reconstruction of the density matrix in terms of the tomographic probability distribution. For
the SU(3) group, the reconstruction expressions have been obtained by taking into account
the multiplicities in the Clebsch—Gordan decomposition of the tensor product of irreducible
representations.

It should be pointed out that it is possible to interpret the suggested approach in two
ways. One possibility is to consider the tomogram as an instrument (inversion formula)
to reconstruct the quantum state identified with the Wigner function. In this case, there
are additional problems. The employment of the inversion formula can create some errors.
Whenever real experimental data are inserted, the result of reconstruction can exhibit artefacts
of various origins. In quantum optics, a statistical approach to solve this problem was discussed
in [50, 51]. Another possibility is to consider the tomogram as the final information on the
quantum state. This means that one identifies the state with the tomogram. Using this method
one can avoid the above problem.
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The obtained expressions provide a possibility to interpret spinors as well as quarks, octets
and other particle states as positive probability distributions, alternative to the association of
these quantum states with vectors in Hilbert space. The transition probabilities between
quantum spin states of the particles are expressed in terms of an integral containing the
product of tomograms of corresponding states.

The approach developed can be generalized to more complicated constructions such as,
for example, quantum groups.
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Appendix A. SU (3) group representations

In this appendix, we briefly describe the irreducible representations of the SU (3) group and
the corresponding matrix elements of finite transformations (D-functions) [47—49].

Generators of the SU(3) group (A, i,k = 1,2, 3) satisfy the following commutation
relations,

[Air, qu] = SkpA,'q — (S,'quk A:rk = Ay

and the diagonal generators A;;, which form an Abelian subalgebra [A;;, A,,] = 0, satisfy
the following condition:

3
> Ay =0.
p=1

Thus, we can choose two independent diagonal generators in the following form:
H,=An—A»n H, = Ay — Ass.

Each irreducible representation is labelled by its highest weight A = (Au), where A and u are

non-negative integers. Below we denote the signature of irreducible representation A for a

particular case of the SU (3) group as the highest weight A. The corresponding (highest state)
vector, which we denote as |(Au), H), satisfies the following conditions:

Aul(Ap), Hy =0 if i<k
Hy|(Ap), H) = A[(Ap), H)
Hy|(Aw), H) = pl(p), H).

The dimension of representation is given by

dim(p) = 1A+ D(u+ D +p+2).

Appendix B. Description of basis

There are three canonical reductions of the SU (3) group to different subgroups U (1) @ SU (2).
We consider the basis corresponding to each of these reductions.
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B.1. T-basis

This basis corresponds to the following reduction,
SUQB) — Uy(1) ® SUr(2)
where
T, = Ax T_ = As To=1H, (62)

are generators of the subgroup SU7(2), usually called the T-spin subgroup. Operators (62)
satisfy standard SU (2) commutation relations

[To, Ti] = £T4 (T, T_] = 2To. (63)
The only generator of the Uy (1) subgroup is
Y = —1QH, + H)) [V, Teol =0

usually called the hypercharge operator.
In this case, we denote basis vectors of the irreducible representation A by

A, YTTs) = |A, jTT3) (64)
where quantum numbers Y, T, T3 take the following values:
Y=—1Qr+m)+p+gq 0<p<a 0<g<p ©5)
T=3u+p—q) ~-T<T;<T i=3p+q.
B.2. U-basis
This basis corresponds to the reduction
SUB) — Uz(1) ® SUy(2)
where generators of the SUy (2) subgroup (U-spin subgroup)
Usr=Ap  U-=A4n  Uy=;H,
satisfy the commutation relations similar to (63) and the operator
Z=—3(H,+H,) [Z,Us0] =0
is the generator of the Uz (1) subgroup. We denote the corresponding basis vectors by
|A, ZUU;) = |A, fUU3) (66)
where
Z=—10+20) +k+1 0<k<A 0<Ii<p "
U=16.+1-k ~U<Us<U f=3k+1D).
B.3. V-basis

This basis corresponds to the reduction
SU@3) — Ux(1) ® SUy(2)

where generators of the SUy (2) subgroup (V -spin subgroup)
Usr=A;z  U-=Ay U= 3(H,+H)

satisfy the commutation relations similar to (63) and the operator
X = —1(H, — Hy) [X, Vol =0
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is the generator of the Uz (1) subgroup. We denote the corresponding basis vectors by

A, XVV3) =|A,cVV3) (68)
where

X=—-1lh—w+e—g 0<e<A 0<g< )

V=13(n—e—g) —V<WBV c=3(u+e—g).

Appendix C. Transitions between T-, U- and V-bases

Each vector of canonical bases (64), (66) and (68) can be expressed in terms of any other basis
vectors. The matrix elements of the corresponding transitions are as follows.

C.1. U-T transition

One has the expression for the scalar product in terms of 3 j symbols

(A ZUUIA YTTS) = 81800 (— 1) /QT s DU+ DAL 1 H/? (70)
ff 3U3 U _]l 12
where
h=30+w=f  p=g+f-j  f=3Gr+i-T)
f=3(k+0) i=3p+q Uj=43(+30-3j—T5)

and { ], j’] “j{ ?} denotes the 3j symbol.

C.2. V=T transition

One has the expression for the scalar product

(A,XVV3|A,YTT3):&-C-/szv;(—l)’\“/2+JT,/(2T+1)(2V+1){‘T/ jf “j/z} 71)
; 3 4

where
B=s0ew) = ja=sh+d—j I =5(u+j+T)
c=1(u+e—g) Vi=1(h+in—=3j+T5).

C.3. U=V transition

One has the matrix element in the form

U js A/)2
(A, ZUU5|A, XV V3) = Sff,gUsUé(_l)f+c+U+v QU+ 1DV +1) {V JCS J/ } (72)
6

Js=3GArp—c—V) Jo=35h+p—c—js =5(Gr+j+T)
Uy=310Gr+pn—3c+V3).
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Appendix D. D-functions for the SU(3) group

Let us consider an irreducible representation A of the SU (3) group (g — D(g), g € SU(3))
with highest weight A. As a basis in the representation space H we choose T-basis (64). The
action of D(g) on the states (64) is defined according to

DA YTTs) = Y Dy jr (@IA, [m1T)
[m'], T
where [m] is a collective index [m] = (Y, T3) and matrix elements
Dz imir (8) = (A, [mIT|D(g)| A, [m]Ty) (73)

define the SU (3) D-function in the T-basis. To find an explicit expression for D[/,‘”]T,[MI]T1 (2),
we use the following parametrization for the SU (3) group elements [52],

D*(g) = DY(¢u, 0u)D" (pv, 0v)D" (pr, 0r)N Yy, ¥r) (74)
where

DU((pw 0y) = eivuUn iy (UstU-)/2 (75)

DV((p% 0y) = el#v Vo iy (VitVo)/2 (76)

DT((/)T’ 0r) = eiw To eiﬁv(T++T7)/2 (77)

NGy, yr) = eVvtoevrio (78)

are the operators of finite rotations for U-, V- and T-spin subgroups, respectively. The Euler
angles 6, ¢ and v vary in the following domains:

0Ly <m 0< gy <2 0< Yy <4m
0Ky <o 0<py <21
0<br <m 0< or <21 0< Yy <4m.

Making use of equations (74)—(78) one can represent the matrix element (73) in the form
T U 1%
Dy yr yr,r(8) = Z Z Dy ry10, 20,0 @0 O0) Dzy,u x vy (@v, Ov)
Z,U3,U X, V3,V
x Dyvyv.yrr @rs O0)Nyrr (o, ¥r). (79)

Diagonal matrix elements Ny, 7 (Y'v, ¥r) have a simple form

Nyrr (Yo, yr) = Gsvorhvn
where

Uj =3 (n—3Y - Ts).
The remaining matrix elements appearing in equation (79) can be expressed in terms of the

usual matrix elements of the irreducible representations of the SU(2) group. In fact, using
connections between different bases (70)—(72), we find

iown/2
2

T’ i
DY i zu,0 Uy 0u) = 80 (=DM QT + QU + 1){U } edp,, (0u)

(80)

| U A2
DgU;U,xV;V(‘PV, by) = 5613(_1)C+f+V+U @v+Dhaeu+ 1){V j: j/4 } e%wvd“//évz(e")
(81)
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. T js w2] i
Dy v,y yryr (91, 0r) = 85, (=1)**1/24 T\/(2V+l)(2T"‘1){V jz M/ }enwrd;{n(%)

J1
(82)
where

J1=30+pw) — f R=ghtf =]
fr=50Gu+] -1 Uj=h+zu=3j'=Tj
B=5Grru—f-Us) Ja=sh+p—f—js
Vi=3(32+n=31+Us)
Js=3Gr+c—V3) Jo=30+p) —c
f=ite—js Ty = =3 (n+31—3c—V3).

Relations between parameters (Z, X, A) and (f,c, j) are given by equations (65), (69)
and (67).

For example, for the irreducible representation A = (1,0) we obtain from
equations (80)—(82)
DY)y = DYDVDTN (83)
where
cos Xelv/2  —jsin% e/ 0
DY = | —isin %U e u/2  cos %U e /2 0 (84)
0 0 1

cosZelv/2 0 —isin % eldv/?

D" = 0 1 0 (85)
| —isin% e /2 0 cos % e itv/2
1 0 0

pT = |0 cosZe/2 —isin % eldr/? (86)

0 —isin%e /2 cos % 701/

eltu/2 0 0
N=| 0 eWrvw2 o |, 87
0 0 e—ivr/2

One can prove that matrix elements D[Am]T,[ml]Tl (g) satisfy the following normalization
condition,

* Vi

A A G
/ dg Dz imy 11, (8) (D[m/]Tﬁ[m’llT{ (g)) = TmA S AN Simlim 1S m 1! 10T T STy 1
SU@3) m

where dg is an invariant measure on the SU (3) group
0
dg = sinfy cos? 7V sin @y sin 07 ddy A0y dor dey dey dér dyry dyrr

such that

/ dg = Vg
SUG)
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with Vg = (1/2) (4r)? being the group volume. Also, the matrix elements D[Am]T,[ml]Tl (2)
satisfy the standard addition formula

A A A
Z D[mJTa[mI]TI (gl)D[mllTl,[mz]Tz (g2) = D[mJT,[mg]Tg (g1g2)
[mi 1,71

In particular

A A *
Y Diuirim 11 ®) (Pt i, ()" = Stmiims1 71
[m1],Th
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